In this short note it is shown that the category of neighborhood spaces is not cartesian closed.
collapsing the integers to a point (so here R/Z is the quotient space obtained by identifying all integers). This is a quotient map in Top (by construction), but also in PreTop (by explicit verification) and in Nbd (either by explicit verification or by noticing that PreTop embeds coreflectively in Nbd, so any quotient map in PreTop is also quotient in Nbd). Let id Q : Q → Q be the identity map on the rationals, obviously a quotient map in Nbd (as well as in Top and PreTop). Then form the product map Φ := φ×id Q : R×Q → R/Z×Q. We claim that Φ is not quotient in Nbd (actually [1] shows that Φ is quotient neither in Top nor in PreTop). To this end, we first recall the characterisation of quotient maps in Nbd as given in [2, Prop. 4 .3].
Proposition. Given a surjective set function f : X → Y and a nbd structure ν X on X, the induced quotient nbd structure on Y is given by ν Y where,
Let us fix any q ∈ Q and define the following subsets of R × Q: Notice that the argument carries over to the case where we substitute Q with R. However, such a substitution destroys the validity of the example in Top and PreTop (so if we want a single example to prove non-cartesianclosedness of these three categories at once, it is better to stick to Q).
